
Math 451: Introduction to General Topology
Lecture 5

(g) Continued ... It is not hard to show that d is a metric on I
,
in fact

,
an ultrametric,

i

. e . the following strengthening of the 1 inequality holds : ·
I
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d (x , z) = max (d(x , g) , d(y , z)) . Do of
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For I"cr = 2-
+) and

any xEI,
O

Br(x) = (y) [m : d(x
, y)cr) 000,aso

= (ye[N: d(x,3) = 2 - ) = Be= (x) IN ---
-[O

= (y +[*: y(n = X(n) =: (X(n] ,
where for any finite word wez', we define the cylinder at o to be

(w) : = (n]z := 43 IN : ylemm
= wa ,

where them) demotes the length of w

Observe Mut Fy(Br() , Br(g) = Cyln] = [xIn) = Bok) , so every
element of a ball

i a center of that ball .
We call 2 the Cantor space

and IN the Baire space .

Det. For a metric space X ,
sets Y

,
EX

,
a point xEX ,

define

diam (i) : = sup /y ,2) · Example: diam 10
,
1) = 1
. IR
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d (x
,
4)
:=inf dx

yy
IR

& (4
,
7)
:=inf dy ,z =infdly ,

7) . Example : dlgraph ,  =

Def
.

For metric spaces (X
,
dx)

,
LY

,
drl

,
call a function : X-Y an isometry if it preserves

the metric
,
i
. e . dy(f(xi , f(x)) = dx(x, x2) foo all X

,X2EX.



(Note lat an iconetry is always injective) Call fan isometric isomorphism if it is
a surjective isometry (hence it is bijective and bath f,f" are isometries).

Def
.
For a metric space ( , d) and a subset YEX

,
theestriction of d to Y

(formally , restrict d to the set YXY) is a metric on Y
,
which we will still denote

by d
. We say

that 14
,
1) is a subspace of N

,
d).

Obs
. Every iometry f : X-Y is an isometric iconosphism from X to the subspace f(x).

Prop . Let (X, d) be a metric space
and EX. Then the balls in the subspace (4, d) are

exactly he intersections of balls of IX
,
d) with Y

,
i
.
e. EytY and :20,

BY (y) = BY(y) 14.
Proof. Bly) = (x + Y : &ly , x) < r) = ( x X : dly ,x)cr]1Y = BE(y)1Y. DEN

Examples. (a) In Y: [0, 1) : IR , Blz) = 10 , 1) .

B
B
= (2)

= 10
, 1)

(6) In Y : = 10
, 1 v92] ,

B (1) = 10, 1] . [ S1 u
B1(1) = 10 , 1 V (2) = 4.

O

Caution
.

The closure of BILL is in the closed ball B ,
11
,
but isn't equal do it .

Open setz
.

Def
.

In a metric space
(X
,
d)
,
a set UEX is called open

if it is an Carbitrary) union
of lopen) balls . Call a set DEX closed if its complement XID is open .



Prop . In a metric
space ( , d) , a set UEX is open Fuel Er>O st . BrluU .

Proof.
. It U = V B: where each Be is an open ball . Fix xEU , so x& Be = Bri(xi).

if
Then U : = r-d(xi

,
x) > 0 and Br( = Bilxi) = U . ·

X

y
QED=

.

For every nEUE rucO (AC) cit
. Brului ? U .

Then U = Bralu).

Closure properties. In a metric
space (X , d) , the collection of open sals is closed under

arbitrary unions and finite intersections
. Consequently ,

closed ats are closed under

arbitrary intersections and unite unious.
Proof

. The closere of open auts under arbitrary uniors is by definition. For finite intersections,
it suffices to prove for the intersection of two open sets , by induction. It U

,
V = X be

open .
Fix xcURV .

Then xEll heare 7 Bril U ,
+30 V

and xeV
,
10 Bri[V

,
rec0 .

Then vemin(r
,
) works,

·

fBald our↳i
.
e . Br(x) ? Bri(x1 Br() : YeV .

Examples .
(a) In 1 with the usual metric

, open
balls are bounded open intervals (a

,
b)

.

Hence open

sets are arbitrary unios of intervals. But in fact :

Prop Every open subset of IR is abl union of pairwise disjoint interaa
()) : /)7(111111
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